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5.1 





4



ml2θ̈ = mgl sin θ − bθ̇ + u (5.1)

θbu



sin θ = θx1 = θ, x2 = θ̇,

ẋ =


0 1
g
l −

b
ml2


x+


0
1

ml2


u (5.2)

θ y = x1

5.2 

Åström-Wittenmark 











T

:

1.Φ(t) = eAt = L−1[sI −A]−1;

2.G(T ) = Φ(T );

3.H(T ) =
 T

0
eAtdtB;

4.x[(k+1)T ] = G(T )x(kT )+H(T )u(kT ).

 xk = x(kT ) =

[x1,k, x2,k]
Tuk = u(kT )



xk+1 =


a1 a2

a3 a4


xk +


b1

b2


uk (5.3)
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yk = x1,k (5.4)

ai, i = 1, 2, 3, 4; bj , j = 1, 2













yk, uk

A

Yk = Φk−1θ + εk (5.5)



θ̂k = (ΦT
k−1Φk−1)

−1ΦT
k−1Yk (5.6)

A

(5.7)



θ̂k = θ̂k−1 + P (k − 1)φ(k − 1)

(y(k), y(k))− φT (k − 1)θ̂k−1

 (5.7)



φ(k − 1) =

yk, yk−1, uk


(5.8)

P (0)



θ̂k =


θ̂1k, θ̂2k, θ̂3k

θ̂4k, θ̂5k, θ̂6k

T

(5.9)

 

 

ukY ∗
k+1 = Φkθ̂k 

Y ∗
k+1Yk+1yk+1y∗k+1

            

   m, l, b        

              

 a1, a2, a3, a4, b1, b2

â1, â2, â3, â4, b̂1, b̂2m, l, b

36

 6

C3
6 = 20? 







mm

l, b



(5.5)



5.3 









ẋp = Apxp +Bpu (5.10)

(5.2)



Ap =


0 1
g
l a1


(5.11)

Bp =


0

b1


(5.12)

a1, b1

lmb



ẋm = Amxm +Bmyr (5.13)



Am =


0 1

− g
l −2


g
l


(5.14)

Bm =


0

1


(5.15)

 5: 

F

K

u = Kyr + Fxp (5.16)

K

F1×2.



xp

θ

θ̇



x2x̂2

Bxpx2

x̂2

 Parks

Narendra  Goodwin  Lyapunov



FK



 (5.16) (5.10)

ẋp = (Ap +BpF )xp +BpKyr (5.17)

FKxpxm



Am = Ap +BpF
∗ (5.18)

Bm = BpK
∗ (5.19)

 F ∗K∗FK



Am

FK



FK



e = xm − xp (5.20)



ė = ẋm − ẋp (5.21)

(5.22)

ė=Ame+(Am−Ap−BpF )xp+(Bm−BpK)yr

=Ame+
Bm

K∗(F
∗ − F )xp +

Bm

K∗ (K
∗ −K)yr

(5.22)



F = F ∗ − F, K = K∗ −K (5.23)



ė = Ame+
Bm

K∗
Fxp +

Bm

K∗
Kyr (5.24)

 Lyapunov

V =
1

2


eTPe+

tr( FT F )

R1
+

K2

R2


(5.25)
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 P2×2 R1R2

tr(trace)

 Lyapunov  

V̇ ≤ 0

lim
t→∞

e(t) = 0 (5.26)

r(t)

lim
t→∞

F (t) = 0 (5.27)

lim
t→∞

K(t) = 0 (5.28)





C

Ḟ = − ̇F =
R1

K∗B
T
mPexT

p

K̇ = − ̇K =
R2

K∗B
T
mPeyr

(5.29)

P

AT
mP + PAm = −Q (5.30)

Q

V̇ ≤ 0,



(C.6)xp







x̃2x2
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(s2 + a1s+ a0)y = b0u (6.1)

 s y

u a1 = b
ml2 , a0 = − g

l , b0 =
1

ml2(5.2)

m = 1kg, l = 0.3m, g =

9.81m / s2, b = 1N ·m · s / rad
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yk+1 = −a1yk − a0yk−1 + b1uk + b0uk−1 (6.2)
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yk+1 = θTφ (6.3)
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0



φT =

yk, yk−1, uk, uk−1



y∗ = 0

uk =
1

b

1


a1, a


0,−b0

 
yk, yk−1, uk−1

T
(6.4)

0 0.2 0.4 0.6 0.8 1

0

0.5

1

1.5

2

0 0.2 0.4 0.6 0.8 1

-1

-0.5

0

0.5

1

0 0.2 0.4 0.6 0.8 1

×10
-3

2

4

6

8

10

0 0.2 0.4 0.6 0.8 1

×10
-3

0

0.5

1

1.5

2

(a) 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

(b) 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(c) 

 6: T=0.02

2N ·m 
T = 0.026(a)-6(c)



6(a)a0, a1, b1

b0



0.60.0456(b)

1

6(c)0.5

0



6.2 

 (5.13)– (5.15)



Q = I2,R1 = 1000, R2 = 100, r = 0.01 sin 2πt

(6.5)

7(a)

7(b)

7(c)



















7 













PIDσ-

 









L1















 2016 No.1      All About Systems and Control 73

 P2×2 R1R2

tr(trace)

 Lyapunov  

V̇ ≤ 0

lim
t→∞

e(t) = 0 (5.26)

r(t)

lim
t→∞

F (t) = 0 (5.27)

lim
t→∞

K(t) = 0 (5.28)





C
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 (5.2)x2x1x1x2

x2((k + 1)T ) ≈ 1

T
[x1((k + 1)T )− x1(kT )],

(A.1)(A.2)


x1,k+1

x1,k+1 − x1,k


=


a1

1
T a2

Ta3 a4


x1,k

x1,k − x1,k−1


+


b1

Tb2


uk +


1,k+1

T2,k+1


(A.1)

yk = x1,k (A.2)

a1, a2, a3, a4, b1, b2m, l, b, T

 (A.2) (A.1)



yk+1 =

a1 +

a2
T


yk − a2

T
yk−1 + b1uk + 1,k+1

yk+1 = (Ta3 + a4 + 1)yk − a4yk−1 + Tb2uk + T2,k+1

(A.3)
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k ≥ 0,

Yk+1 =


y2, y3, · · · , yk+1

y2, y3, · · · , yk+1

T

(A.4)

= [Y T
k , (y(k), y(k))T ]T (A.5)

φ(k − 1) =

yk, yk−1, uk

T
(A.6)

Φk =




y1 y0 u1

y2 y1 u2

· · ·
yk yk−1 uk



=[ΦT

k−1, φ(k−1)]T (A.7)

θ =


a1 +

a2

T , −a1, b1

Ta3 + a4 + 1,−a4, T b2

T

(A.8)

εk =


1,2, 1,3, · · · , 1,k+1

T2,2, T 2,3, · · · , T 2,k+1

T

(A.9)

(5.7)

P (k − 1) = (ΦT
k−1Φk−1)

−1ΦT
k−1 (A.10)

Φk−1

P (k − 1) = [ΦT
k−2Φk−2 + φ(k − 1)φT (k − 1)]−1

= [P−1(k − 2) + φ(k − 1)φT (k − 1)]−1
(A.11)

AC

(A+BCD)−1 = A−1 −A−1B(C−1 +DA−1B)−1DA−1 (A.12)

P (k)

P (k − 1) =


I − P (k − 2)φ(k − 1)φT (k − 1)

1 + φT (k − 1)P (k − 2φ(k − 1))


P (k − 2) (A.13)

(5.6),

P−1(k − 1)θ̂k = ΦT
k−1Yk (A.14)

(A.12),(5.7)

B 

ẋ =


0 1
g
l −

b
ml2


x+


0
1

ml2


u (B.1)

y =

1 0


x (B.2)

x2





ẋ2 = − b

ml2
x2 +


g

l
x1 +

1

ml2
u



ẋ1 = x2

(B.3)



˙̂x2 = (− b
ml2 − L)x̂2 +

g
l x1 +

1
ml2 u+ Lẋ1 (B.4)



x2 − Ly = x2 − Lx1 = w

x̂2 − Ly = x̂2 − Lx1 = ŵ

− b
ml2 − L = Â, ÂL+ g

l = B̂, F̂ = 1
ml2

(B.5)





˙̂w =


− b

ml2
− L


ŵ +


− b

ml2
− L


L+

g

l


y +

1

ml2
u

x̂2 = ŵ + Ly

(B.6)

x

x̂ = −


x1

x̂2


=


y

x̂2


=


y

ŵ + Ly


=


0

1


ŵ +


1

L


y (B.7)

C 

 (5.25)t

V̇ =
1

2


(ėTPe+ eTP ė) +

2 tr( ̇F
T F )

R1
+

2 ̇K K
R2




=
1

2
[ėT (ATmP + PAm)e] +

eTPBm
Fxp

K∗ +
eTPBm

Kyr
K∗ +

tr( ̇F
T F )

R1
+

̇K K
R2

(C.1)
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k ≥ 0,
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1 + φT (k − 1)P (k − 2φ(k − 1))


P (k − 2) (A.13)

(5.6),

P−1(k − 1)θ̂k = ΦT
k−1Yk (A.14)

(A.12),(5.7)

B 

ẋ =


0 1
g
l −

b
ml2


x+


0
1

ml2


u (B.1)

y =

1 0


x (B.2)

x2





ẋ2 = − b

ml2
x2 +


g

l
x1 +

1

ml2
u



ẋ1 = x2

(B.3)



˙̂x2 = (− b
ml2 − L)x̂2 +

g
l x1 +

1
ml2 u+ Lẋ1 (B.4)



x2 − Ly = x2 − Lx1 = w

x̂2 − Ly = x̂2 − Lx1 = ŵ

− b
ml2 − L = Â, ÂL+ g

l = B̂, F̂ = 1
ml2

(B.5)





˙̂w =


− b

ml2
− L


ŵ +


− b

ml2
− L


L+

g

l


y +

1

ml2
u

x̂2 = ŵ + Ly

(B.6)

x

x̂ = −


x1

x̂2


=


y

x̂2


=


y

ŵ + Ly


=


0

1


ŵ +


1

L


y (B.7)

C 

 (5.25)t

V̇ =
1

2


(ėTPe+ eTP ė) +

2 tr( ̇F
T F )

R1
+

2 ̇K K
R2




=
1

2
[ėT (ATmP + PAm)e] +

eTPBm
Fxp

K∗ +
eTPBm

Kyr
K∗ +

tr( ̇F
T F )

R1
+

̇K K
R2

(C.1)
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 (C.1)

xTAx = tr(xxTA), trA = trAT


eTPBm

Fxp

K∗ =
tr(xpe

TPBm
F )

K∗
(C.2)

AmQ

AT
mP + PAm = −Q (C.3)

V̇ = −1

2
(eTQe) +


 tr(xpe

TPBm
F )

K∗ +
̇F
T F
R1


+


tr(yre

TPBm
K)

K∗ +
̇K K
R2


(C.4)

 (C.4)

̇F = −R1

K∗B
T
mPexT

p

̇K = −R2

K∗B
T
mPeyr

(C.5)

FKF ∗K∗

Ḟ = − ̇F =
R1

K∗B
T
mPexT

p

K̇ = − ̇K =
R2

K∗B
T
mPeyr

(C.6)



F (t) =

 t

0


R1

K∗B
T
mPexT

p


dt+ F (0)

K(t) =

 t

0


R2

K∗B
T
mPeyr


dt+K(0)

(C.7)

F (0)K(0)BpK∗R1R2



R̄1 =
R1

K∗ (C.8)

R̄2 =
R2

K∗ (C.9)

R̄1R̄2

F (t) =

 t

0

(R̄1B
T
mPexT

p )dt+ F (0)

K(t) =

 t

0

(R̄2B
T
mPeyr)dt+K(0)

(C.10)
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xTAx = tr(xxTA), trA = trAT


eTPBm

Fxp

K∗ =
tr(xpe

TPBm
F )

K∗
(C.2)

AmQ

AT
mP + PAm = −Q (C.3)

V̇ = −1

2
(eTQe) +


 tr(xpe

TPBm
F )

K∗ +
̇F
T F
R1


+


tr(yre

TPBm
K)

K∗ +
̇K K
R2


(C.4)

 (C.4)

̇F = −R1

K∗B
T
mPexT

p

̇K = −R2

K∗B
T
mPeyr

(C.5)

FKF ∗K∗

Ḟ = − ̇F =
R1

K∗B
T
mPexT

p

K̇ = − ̇K =
R2

K∗B
T
mPeyr

(C.6)



F (t) =

 t

0


R1

K∗B
T
mPexT

p


dt+ F (0)

K(t) =

 t

0


R2

K∗B
T
mPeyr


dt+K(0)

(C.7)

F (0)K(0)BpK∗R1R2



R̄1 =
R1

K∗ (C.8)

R̄2 =
R2

K∗ (C.9)

R̄1R̄2

F (t) =

 t

0

(R̄1B
T
mPexT

p )dt+ F (0)

K(t) =

 t

0

(R̄2B
T
mPeyr)dt+K(0)
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