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“In any engineering application the success of control is determined by the
accuracy with which the model represents data,
and this leads to the realm of Identification”

Rudolph Kalman
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On the General Theory of Control Systems
R. E. KALMAN

Introduction
T no small messure, the great technological progress in
control and systems during the past
two decades has depended on advances and refinements in the
mathematical study of such systems. Convessely, the growth
of technology brought forth many new problems (such as those
related to uting digital computers in control, etc.) to challenge
the ingenuity and competence of research workers concerned
with theoretical questions.

Despite the appearance and effective resolution of many new
problems, our understanding of fundamental aspects of control
s Theonly auppurn
10 bie the theary of information created by Shannon!. The chiel
significance of his work in our present imu:ptm!.nau is the

In Section 3 we introduce the models for which a fairly
complete theory is available: dynamic systems with a finite
dimensional state space @nd linear transition functions (Le.
systems obeying linesr or
The class of random processes considered consists of such
dynamis systems excited by an unccrnlale& ymsun rmdom
process.  Other such as
tion, single input/single output, etc., are made only (o facilitate
the preseatation and will be absent 'in detailed future accounts
of the theory,

In Section 4 we define the concept of confrollabifity and show
that this is the ‘natural’ gencralization of the so-called ‘dead-
beat ' control scheme d d by O and
ind later rederived independently by Teypkin® and the author!?,

Wethen showin Section 5 ihat the general problem of optimal

discovery of general *Taws”

in solvable if and coly if the plant is completely

the pr
transmission, which are quite i of the
models being considered or even the methods used foc the des-
cription and analysis of these models.  These resalis could be
compared with the *laws® ofphwcl. wlm the crucm i

In Section 6 we introduce the concept of obeeruability and
salve the problem of reconstructing unmeagurable state variables

that the “laws®
by straightforward experimentation but only by a nnnl‘f alst Ml

,  from the ones in the passibie length of
fime.
We [ lize the ilarities between and

analysis goided by ituition gained in observing p

examples of and We may
thus classify Shannon's result as belonging to the pure theory
of communication and control, while everything elss can be
Iabelled as the applied theory; this terminology reflects the well-
known distinctions between pure and applied physics or
mathematics, For reasons pointed out above, in its methado-
logy the pure theory of communication and control closely
resembles mathematics, rather than physics; however, it is not
a branch of mathematics because at present we cannot (yetT)
i af physical in the study of
1s.

tes study of the pure theory of control,
mlmmg lhe spirit of Shannon's investigations but otherwise
using entirely different techniques. Our ultimate objective is
o answer questions of the following type: What kind and how
formation is nesded to achieve a degired type of control 7
What intrinsic properties characterize a given unalterable plant
as far as control Is concerned?

At present only superficiel answers are available to thess
questicns, and even then only in special cases.

Initial results presented in this Note are far from the degree
of genemality of Shannon’s work. By contrast, however, only
comstrictive methods are employed here, giving some hope of
being able to avoid the well-known difficulty of Shannon's
theory: methods of proof which are impractical for actually
comstructing practical solutions. In fact, this paper arose
from the peed for 3 berter understanding of some recently
discovered computation meothods of control-system  syn-
thesis? *. Anothor by-product of the paper i3 & new com-
putation method for the solution of the classical Wiener
filtering problem .

The organization of the paper is as follows:

oheervability in Section 7 by means of lhc Principle of Duality
and show that the Wiener filtering problem is the natura! dual
of the problem of optimal regulation.

Section 8 is a briel ion of possible
currently unsofved problems of the pure theory of control.
Notation and Terminalogy

The reader is assumed to be familiar with eloments of lingar
algebra, 43 discussed, for instance, by Halmos®. .
Consider an m-dimensional real vector space X. A basiy in

Xis a set of vectorsay . . ., 8, in X such that any vector xin X'
can be written uniquely as
X iy ... X n

the x; being teal numbers, the componenis or coordinates of x,
Vectars will be denoted throughout by small bold-face letters.

The set X* of all real-valued lincar functions x* (= covee-
tors} on X, with the ‘natural’ definition of addition and scalar
multiplication, is an p-dimensions] vector space.  The value of
a covector y* at sny vector x i3 denoted by [y*, x]. We call
this the fnmer product of y* by x. The vector space X™ has a

natural basis % ..., &%, sssocinted with & given basis in X3
It is defined by the requirement that

a7 8] = & @

Uamg the “orthogonality relation” 2, we may wrile | in the

x= E Iy, xlay 3

which will be used frequently.
For purposes of numerical computation, a vector may be
considered & matrix with one column and a covector 8 matrix
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The Parameter Estimation Problem

J. H. WESTCOTT

Introduction

The lish of causal ionships between variables
forms the fundamental basis of the scientific method. 1t could
be described as the task of devising mathematical models to
predict, to known accuracy, the rosults of given actions or
environments. In this paper systems of interacting quantities
are considered where It is required to establish 2 mathematical
expression for the interaction between variables. From obser-
vations of the varisbles over a period of time it is required to

ify the values of parameters that best account for the
abserved behaviour or that will best serve to predict the system
behaviour at future times,

The theory of control systems is essentially the theory
of interacting quantities, but in addition they have the
distinctive frature of a closed sequence of control resulting
from the use of feedback associated with the possibilities
of self-excitation and oscillation. The closed loop mature
of such systems somewhat Duﬂ‘ghlﬁ the problem of dis-
tinguishing ‘causc’ from ‘effect’ in the records of the systom
variables which ig of vital imp in a realistic identificati
of causal ionships. In many engineering control systems
this problem does not arise since the system can be taken Izﬂﬂ
and the action of one quantity on another accurately determined
in isalation from the rest of the system, but this is by no means
uiways the case and in many interesting cases, such as in an
sutomatically eontrolled chemical plant or an aircraft in flight,
it may be difficult or Ically ible to

the variables. The method can be extended to deal with data

P as time in which case the sums
of products become integrals of products tuken over the dura-
tion of the records. These intcgrals have a superficial re-

to the ng for the i

function:
™m
$yflr) = lim ,l_j fin . fle 47 dt )
r=uT ) g

The important difference s that they do not extend to the limit
as time approaches infinity, and there is no referonco to the
prop of the hypothetical population of records from which
lhnngmmrrmdsmybemgudﬁum.
second method of parameter estimation invoives taking

a broader statistical view of the same problem, that is to say
it Is assumed that ic terms have istical Lari
that is_F:veﬂu:d by a fixed set of statistical parameters and
probability distributions, This means that the variables in the
system will be statistically fluctuating time scries, and
measured record may be i to be one of many possib
ones. In general, a further record taken from the system will
give dlifferent sete of parameter values. Thus what is required
is 1o caloufate from the given record the best approximation to
the underlying statistical parameters by means of which the
varianee of estimates of the parameter values may be deduced.

Much work has been done by enginecrs which is refemred to
in the mext section and can be utilized to discover causal
ips between variables when one of the variables is

mreasire experimentaily the separate dependencies that con-
stitute the system,

When using inputs as engi are d
to doing, the input is specified with absolute precision and 3o
it is permissible to construct an i edifice of

P
Ingieal operations on the original signal; but in the realm of
probability theory facts are not so precisely defined and one

assumed 1o be with a random distur ‘but this
work has been based an the sssumption of an infinitely long
record. While this ia valusble there is still a problem of u{fm.,;
for the uncertainty that exists when conclusions must be drawn
from a record of finite duration, as the outcome of & practical
experiment. In general, the longer the duration of the experi-
ment the maore accurate will be the statements that can be made

the ships, but these will also be
infl 7’byl:lmdeg|ee|e_whi:hﬂ::ysmmoonwmdha:

must be satisfied with a more humble of

with the imti ing the input. It Is
insufficient to draw ions under these ci
without also them with a as to their

accuracy in the light of the statistical nature of the inputs.

Parameter Estimation

1t is necessary to distinguish clearly between two distinct
approaches to the parameter estimation problem. In the fiest
approach, which is the simpler of the two,  causal relationship
is assumed (o exist between input and output quantities, in
which the relationship is obscured by the presence of & random
disturbance, The problem is then treated as a data-fitting one
in which parameters are chosen, which for the particular input

b ¥

The existence of statistical regularity in the records makes it
possible to make statements concerning (he probable behaviour
of the system in a future experiment. In some cases |t s possible
1o sttach Timits to such predicti This is the crux
of the problem of drawing conclusions from short records,
The brevity of k record in this context is not decided by its
actual duration, Ttis decided by the minimum perjod for which
the underlying statistical p may be i as
stationary. Thus if a record is defined as short within our
present meaning we are asserting our belief thut this minimum
period is comparable with its duration and that we consider it

to muke from the record. IF

and output given attributes minimom effect to the di
The procedure is one that will be familiar ss feast-squares
fitting of data® and involves the reduction of a redundant set
ions to a set of simul ions in which sums

ol
of products of paics of variables replace particular values of

the purpose for which the analysis is being made is the design
of a model for the system from which the records were derived,
then the model is required to give the best posaible representi-
tion of the system under conditions which are statisticaily
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the variables. The mhod can. be extended to deal with data

soaubich coce the sume

The
farms the fundame
be described as th

On the General Theory of Control Systems

In Section 3 we introduce the models for which a fafrly
comp!ele theory is available: dynamic systems with a finite

stale space a.ud linear :nmnll:m functions (Le.
systems obeying linear
The class of random processes cmd:m‘i consists of such
dynamic systems excited by an uncorrelated gaussisn random

environments. In R. E. KALMAN
are considered whel
expression for the Introduction
vations of the varig e
. fn no small messure, the great progrest in
yecly e valoes o control and ication systems during the past
OUREL g {wo decades has depended on advances and refinements In the
by jical study of such . Conversely, the growth
The theory of | ¢ ichnology brought forth many new problems (such as those

distinctive feature
from the use of
of self-excitation
of such systems 54

‘e’

related to using digital computers in control, stc.) (o chalienge
the ingenuity and competence of research workers concerned
with theoretical questions.

Despite the appearance and effective resclution of many new
pmmm, our \mﬂmlmng of fn.m‘].lmmtl] aspects.of control

variables which iz of
of causal relations}
this problem does rf
and the action of or)
in isolation from 1Y

has ial. Theonly basicad far appears
10 bie the theary of information created by Shannon', The chisl
significance of his work m our Dmtm inlwm is lJlo
discovery of general * laws thepr

procese.  Other assumptions, such as stationarity, discretiza-
tion, single inputfsingle output, etc., are made only 1o facilitate
the presentation and will be absent in detailed future accounts
of the theory,

In Section 4 we define the concept of comtrollability and show
that this is the *natural’ gmrn!:zmlm of the so-called ‘deag-
beat" control scheme and 5
and later rederived independenily by Tmhu”lmllhean:hnr”.

We then show in Section § that the general problem of optimal
regulation is solvable il and only if the plant is compietely

transmission, which are quite i of the
modeds being considered or even the methods umd for the des-

i i he concept of v and
always the case an]  cription and analysis of these models. These resulis could be In Section € we L %
automatically cont  compared with the ‘laws* of physics, with the crucial di ?f:: :hhee‘pmbbﬁn 9"%”&8 'm"?m““bki‘:l‘;’i‘m';‘;
it may be technicy lhn( the *laws* g b Joss ;
mmedsure exp i but aulyhylpunry abstract We T the almilaritiés Betwecn -
‘“?V’Ii:unummg’ d.ell an&l’rulu Fiided by m“ﬂ“T Bainad s cbmpving 3 W ;:my observability in Section 7 by means of the Principle of Duality

u & e 5
lo doing, the mput lhn! c.hm[y Shannon's result ]la bek'len.gms 1o the Rt Muw:r :ﬁh?%;’:;lgo‘:;m ﬁ'“:‘:ﬂ’:“bk”' i the natural dual
itis p of and control, while everything elss Section B I8 & hriel regul
logical operations { labelled as (he applied rheory; this terminology reflects u'uswdl- it Pt
pregbi;’ill,; theory known distinctions between pare: and. appliied pliaics or currently unsolved problems of the pmdmrynf’mnlml

must be satisfied wi
consonant with th

mathematics. For reasons pointed out above, in its methodo-
logy the pure theory of communication and control closely
rather than physics: however, it is not

to draf

without also accon]
aceurscy in the ligh
Parameter Estimat
It s necessary Y
approaches to the
approach, which is
is assumed to exis|
which the relations]
disturbance, The g

& branch of mathematics because at present we cannot (yet?)
disregard questions of physical realizability in the study of
mathematical models,

This paper initiates study of the pure theory of control,
imitating the spirit of Shannon's investigations but otherwise
using entirely different techniques. Our ultimate objective is
1o answer questions of the following type: What kind and how
much information is needed to achieve a desired type of control ?
What intrinsic properties characterize a given unaltcrable plant
as fur as contral is concerned?

At present only superficiel answers are available to these
and even then or\ly in specinl cases.

im which
and output given a

The procedure i
fitting of data* and
of equations to 4 =
of products of paif

Initial results presented in this Note are far from the degree
of genemality of Shannon’s work. By contrast, however, only
constrictive methods are employed here, giving some hope of
being able to svoid the well-known difficulty of Shannon's
theory: methods of prool which are impractical for actually
constructing practical solutions. In fact, this paper arose
f‘mm the nmd for & beiter understanding of some recently

ion methods of trol-system  syn-
thesis? 5. Another by-product of the paper is & new com-
putation method for the solution of the classical Wiener
ltering problem 7.
The organization of the paper is as follows:

Notation and Terminology

The reader is assumed to be familiar with elements of linear
algebra, 4t discussed, for instance, by Halmos®.

Congider an a-dimensional real vector space X. A basiv in
Xisa set of vectorsa; . . ., 8, in X such that any vector xin X
can be written uniquely as

X = oxmt . Xy, (1
the x; belng real numbers, the components of coordinares of x.
Vectors will be denoted throughout by small bold-face lettars.

The set X* of all real-valued linear functions x* (= conee-
tors) on X, with the *natural’ definition of addition and scaler
multiplication, is an p-dimensionsl vector space.  The value of
a covector ¥* at any vector x i denoted by [y*, x].  We call
this the inner producs of ¥* by x. The vector space X'* has a
natural basis m*; .., ,#*, associated with & given basis in X;
It is defined by the requirement that

% 8] = 8 @

Vsing the “orthogonality relstion” 2, we may write | in the
farm

x= E %, Xl &

which will be used frequently.
For purposes of numerical computation, a vector may be
considered a mairix with one column and & covector & matrx
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The class of random processes considered consists of such
dynamic systems excited by an uncorrelated gaussisn random
procese.  Other assumptions, such as stationarity, discretiza-
tion, single inputfsingle output, ete., are made only 1o facilitate
the presentation and will be absent in detailed future accounts
of the theory,

In Section 4 we define the concept of comtrollability and show
that this is the *natural’ gmrn!:zmlm of the so-called ‘deag-
beat" control scheme and 5
and later rederived independently by Tsrni:m"lmllhﬂimhnr”-

We then show in Section § that the general problem of optimal
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& branch of mathematics because at present we cannot (yet?)
disregard questions of physical realizability in the study of
mathematical models,

This paper initiates study of the pure theory of control,
imitating the spirit of Shannon's investigations but otherwise
using entirely different techniques. Our ultimate objective is
1o answer questions of the following type: What kind and how
much information is needed to achieve a desired iype of cantrol 7
What intrinsic properties characterize a given unaltcrable plant
as fur as contral is concerned?

At present only superficiel answers are available to these
and even then only in specinl cases.
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Initial results presented in this Note are far from the degree
of genemality of Shannon’s work. By contrast, however, only
constrictive methods are employed here, giving some hope of
being able to svoid the well-known difficulty of Shannon's
theory: methods of prool which are impractical for actually
constructing practical solutions. In fact, this paper arose
f‘mm the nmd for & beiter understanding of some recently

i mothods of trol-syste n-
thesis? 5. Another by-product of the paper is & new com-
putation method for the solution of the classical Wiener
filtering problem?.

The organization of the paper is as follows:
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Notation and Terminology

The reader is assumed to be familiar with elements of linear
algebra, 4t discussed, for instance, by Halmos®.

Congider an s-dimensional real vector space X. A basiz in
Xis a set of vectorsay . . ., 8, in X such that any vector xin X
can be written uniquely as

X = oxmt . Xy, (1
the x; belng real numbers, the components of coordinares of x.
Vectors will be denoted throughout by small bold-face lettars.

The set X* of all real-valued lincar functions x* (= covee-
tors) on X, with the *natural’ definition of addition and scaler
multiplication, is an p-dimensionsl vector space.  The value of
a covector ¥* at any vector x i denoted by [y*, x].  We call
this the inmer product af 3* by x. The vector space X'* has a
natural basis a*; ..., a*, associated with & given basis in X5
It is defined by the requirement that

% 8] = 8 @

‘Using the “orthogonality relation’ 2, we may write 1 in the
farm

x= E [, X1 &

which will be used frequently.
For purposes of numerical computation, a vector may be
considered a mairix with one column and & covector & matrx
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2) The parameter estimation problem
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Parameter estimation in physical models
I

o Example: Tire
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d = steering angle )/
F' = |lateral force at the tires I




Parameter estimation in physical models

]
Pacejka’s magic formula

F = Dsin{C arctan [Ba — FE (Ba — arctan (Ba))|} + Sy

= ‘—I—‘fz‘l‘ //\/\
3 ' D+ @ - s

= 0) + Su "1/

- @ N //
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| 2 4 6 8 10 12 14 16
Slip angle, Degrees

: jg?z;arcta; g%é Slgn @m

- K/(C D).
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buththgg)éQ
I

Pacejka’s parameters to be estimated



Parameter estimation in physical models

o Example: Induction motor
o Critical Parameter: rotor resistance R,

Ccii_(;g) — waib - ¢bia)

==

i o

% — W"pb + Za

iy (&

dt b -l_ Wwa M Zb Induction Motor Scheme

diy
at
diy
at
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+ RN, 4 Lu, + 2By, 1 ALy,
_|_

aL )Za+;ub+0Lr - b_%wwa

Input:  ug, Uy, Stator voltages
Output: 14, 7p,Stator currents

Exogenous disturbance: load torque 1



The parameter estimation problem

f oo RN L RY The estimator Is the map
~  between available data
and the parameter
estimate



The parameter estimation problem

u(l),u(Z),...,u(N)
ul)f pg) [ut), ==> a1

R2N _, R4 The estimator is the map

~ between available data
(1) g0, uN)y (N =0 e rameter

estimate

Estimator must be evaluated based on:

1.

Consistency: estimate close enough to the actual parameter
value for all values of g in admissible set

Computational effort: time required for returning the parameter
estimate



3) Available estimation tools

3.1) Prediction error methods
3.2) Kalman filtering methods

J




System id tools
N

o PE
= Prediction error methods (LS, ML, ...)



System id tools: PE
N

o PE - Prediction error methods:

a) data
b) class of models
c) predictive criterion

0 basic idea: a model is good if prediction error small

o widely used for black-box modeling, but also for
parameter estimation in white-box models.



System id tools: PE
N

o PE - Prediction Error methods
o Back to the origins



System id tools: PE
]

o 1940
o Andrej Kolmogorov
o Norbert Wiener

o 1605

o Galileo Galilet:
la pietra lavagna e la pietra
del paragone delli ingegni
(the blackboard is
the test bed of all skills)



System id tools: PE
N

o PE - Prediction Error methods
o Back again to the origins



System id tools: PE
N

o PE - Prediction Error methods

o 1801, Giuseppe Piazzi,
astronomer in Palermo (ltaly)




System id tools: PE
N

o PE - Prediction Error methods

o 1 January 1801
Piazzi sees a new celestial body
and calls it Ceres

o asteroid (dwarf planet)
located in the position of the
“missing planet”
between Mars and Jupiter

o popular emotional event




System id tools: PE
N

o PE - Prediction Error methods

o after two months Ceres
disappeared
behind the Sun




System id tools: PE
N

o PE - Prediction Error methods

o question:
where had to re-appear ?

o trajectory prediction




System id tools: PE
N

o PE — Prediction Error methods
o trajectory Prediction

o Carl Gauss (23)
solves this
prediction problem
via Least Squares

nice reading
Mobius ands his band:

Mathematics and Astronomy in Nineteenth-Century Germany
John Fauvel (ed)




System id tools: PE
N

0 PE - Prediction Error methods
o Least Squares

—>

concept of prediction error
enters the realm of science




System id tools: PE
N

0 PE - Prediction Error methods
o Least Squares

—>

concept of prediction error
enters the realm of science

—>

all models are wrong




System id tools: PE
N

0 PE - Prediction Error methods
o Least Squares

concept of prediction error
enters the realm of science

—>

all models are wrong
some are useful




Test-bed problem
I

p(t+1) = %xl(t) () + vy (8)
To(t+1) = (1—60%)sin(500%) - z1(t) — 0 - zo(t) + . —592 -u(t) + vi2(t)
y(t) = z2(t) + va(t)

u(t) ~ WGN(0,1)
@ = uncertain parameter in [-0.9,0.9]



Test-bed problem
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Test-bed problem
I

p(t+1) = %xl(t) () + o1 (8)
To(t+1) = (1—60%)sin(500%) - z1(t) — 0 - xo(t) + I _592 - u(t) + v12(t)
y(t) = m2(t) +va(?)

u(t) ~ WGN(0,1)
@ = uncertain parameter in [-0.9,0.9]




Test-bed problem
I

p(t+1) = %xl(t) () + o1 (8)
To(t+1) = (1—60%)sin(500%) - z1(t) — 0 - xo(t) + I —502 - u(t) + v12(t)
y(t) = m2(t) +va(?)

u(t) ~ WGN(0,1)
@ = uncertain parameter in [-0.9,0.9]

L uw(l),u(2),...,u(N) ~
Objective: {y(l),y(2),...,y(N)} — 6



Prediction Error methods
I e

Output predictor based on the plant model. y(i,0)

N
~ : . . 2 Estimator implicitly defined by the
0 = argmin » (y(i) — §(i,0)) S 4

— minimization process
1=



Prediction Error Methods
I e

Output predictor based on the plant model. y(i,0)

N
~ : . . 2 Estimator implicitly defined by the
0 = argmin ¥ (y(7) — 5(i, 0)) ey y

[ . i
1 J minimization process
1=

Drawbacks:

1. Computation of gradient not easy (nonlinear, infinite dimensional model)



Prediction Error Methods
I e

Output predictor based on the plant model. y(i,0)

N
~ : N o~y 2 Estimator implicitly defined by the
0 =arg mmz (y(@) —(3,0)) minimization process

1=1
Drawbacks:
1. Computation of gradient not easy (nonlinear, infinite dimensional model)

2. Minimization is nontrivial



Prediction Error Methods
I e

Output predictor based on the plant model. y(i,0)

N
~ : . . o Estimator implicitly defined by the
0 = argmin ¥ (y(7) — 5(i, 0)) S y

[ . i
1 J minimization process
1=

Drawbacks:

1. Computation of gradient not easy (nonlinear, infinite dimensional model)

2. Minimization is nontrivial

local minima — multiple initializations




Prediction Error Methods
I e

Output predictor based on the plant model. y(i,0)

N
~ : N o~y 2 Estimator implicitly defined by the
0 =arg mm; (y(i) —4(3,0)) minimization process

Drawbacks:
1. Computation of gradient not easy (nonlinear, infinite dimensional model)

2. Minimization is nontrivial

J

3. High computational burden required to work out

local minima — multiple initializations




Test-bed problem — PE

PEM parameter estimate
o

1 initialization at
random

Computational time:

18.23 seconds
(0.09 seconds per
estimate)

08 06 04 02 -0 02 04 06 08

True parameter 0

Matlab, standard 2.40 GHz
dual-processor computer.



Test-bed problem — PE
I

PEM parameter estimate
o

5 initializations
at random

Computational time:

94.28 seconds
(0.47 seconds per
estimate)

08 06 04 02 0 02 04 06 08
True parameter

Matlab, standard 2.40 GHz
dual-processor computer.



Test-bed problem — PE
I

0sl . 10 initializations
P at random

0,6
£ 04r
E <
@ 02f ~
2 Computational time:
@ -0,2 ‘e 1
= 179.14 seconds
w L i
o 04 e (0.89 seconds per

SCH P S : estimate)

osl I

-08 -06 -04 -02 -0 02 04 06 08 Matlab, standard 2.40 GHz

T
rue parametero dual-processor computer.



System id tools: KF

o 1960
o Rudolph R. Kalman

o State space approach:
estimate the state
from
Input-output data




Kalman Filtering Methods
I

0 State space models

o unknown parameter transformed into a state variable:

ot +1) = 0(¢)

0 non-linear realm



Kalman Filtering Methods
]

o unknown parameter transformed into a state variable:
(t +1) = 6(t)

0 non-linear realm

l \ EKF
Extended Kalman Filter
F

PK
Particle Kalman Filter UKF
Unscented Kalman Filter




Kalman Filtering Methods
I

o EKFE

o System linearization around the
last obtained state estimate




Kalman Filtering Methods
I

o UKFE

o A few representative particles
(o-points).




Kalman Filtering Methods

o PKE

o A whole set of particles
representative of the whole
state distribution



Kalman Filtering Methods

Additional state variable: g(t + 1) = ()

t) = KE(u(1),y(1),. .., u(t), y(t))

0= WNN
EKF, UKF, PKF

)



Kalman Filtering Methods
I

Additional state variable: g(t + 1) = ()

A(t)t) = KE(u(1),y(1),...,ult),y(t))

0= ewwN
EKF UKF, PKF

Remark:
In practice the parameter equation is: #(t +1) = J(t) + ( fakenoise)
guestion: variance of fake noise ?

guestion: variance of J4(0) ?



Kalman Filtering Methods
I

Additional state variable: g(t + 1) = ()

A(t)t) = KE(u(1),y(1),...,ult),y(t))

0= ewwN
EKF UKF, PKF

Drawbacks:

1. Derivation of the filter equations may be not easy (nonlinear, infinite
dimensional model)

2. Serious convergence problems (EKF & UKF)

3. High computational burden required to work out § (PKF)



Test-bed problem — (cont’d)
I

p(t+1) = %xl(t) () + o1 (8)
To(t+1) = (1—60%)sin(500%) - z1(t) — 0 - xo(t) + I —502 - u(t) + v12(t)
y(t) = m2(t) +va(?)

u(t) ~ WGN(0,1)
@ = uncertain parameter in [-0.9,0.9]

L uw(l),u(2),...,u(N) ~
Objective: {y(l),y(2),...,y(N)} — 6



Test-bed problem — EKF

e Initialization
05 N 01 0 0
K . e n o o en o..-..”. o. .o: % PO — O O. 1 O
o . G B : 0 0 1072
0wl o P b 3 o‘“\ & ° ® B _

.-o.vc-a- ®°

Computational time:

EKF parameter estimate
(<]
[4,]

11.01 seconds
(0.055 seconds per
estimate)

08 06 04 02 -0 02 04 06 08
True parametero
Matlab, standard 2.40 GHz

dual-processor computer.



Test-bed problem — EKF

]
e Initialization
05| 01 0 0
* %S e . ‘....'.""..us'.u..“u-° o PO — 0 0.1 (

é O ...o.:: LU Bl N .0::‘ .:. .. ;. : .:'. | 0 0 @
'§ LIS ‘9 ® oM o° ) )
g 05 | . J
é 1 . Computational time:
w

- T 11.01 seconds

o . (0.055 seconds per

estimate)

08 06 04 02 -0 02 04 06 08
True parametero
Matlab, standard 2.40 GHz

dual-processor computer.



Test-bed problem — EKF

-
(S I N

o
)

EKF parameter estimate
o
o o

N

d
T

N
@ A

| Initialization
o - (0.1 0
) LT ) P,=| 0 0.1
R g 00

0

estimate)

Computational time:

N 11.01 seconds
o (0.055 seconds per

08 06 04 02 0 02 04 06 08
True parametero

Matlab, standard 2.40 GHz
dual-processor computer.




Test-bed problem — UKF

UKF parameter estimate
(=

" I A e (TN o 2 LA o add
(i
AL s

08 06 04 02 0 02 04 06 08
True parametero

Initialization
0.1 0 0

Py = 0 0.1 |

Computational time:

200 seconds
(1 seconds per
estimate)

Matlab, standard 2.40 GHz
dual-processor computer.



UKF parameter estimate

Test-bed problem — UKF

08! - Initialization
06/ i 01 0 0 ]
0l o Phb=| 0 0.1

’ : ;oo 0 0 (05
0,2 8° 2 ¢ B Jetudt,, . ALY o FL Y -

0_ ® o
02 PP Computational time:
0,4 s
08 .o 200 seconds
08 oo (1 seconds per

estimate)

08 06 04 02 -0

02 04 06 08

True parametero

Matlab, standard 2.40 GHz
dual-processor computer.



Test-bed problem — PF
N

08! - 1000 particles
06 . o
% 0’4_ ; o'o .
'g o".'
g 0,2f .
g o PC
E e :o .°°°. ° °
g 92| R 1 | Computational time:
Booaf el :
08 Lo : | 14675 seconds
08 ' (23.38 seconds per
estimate)

08 06 04 02 -0 02 04 06 08
True parametero
Matlab, standard 2.40 GHz

dual-processor computer.



4) Proposing a new paradigm:
the two stage (TS) method

J




The two stage (TS) method

with Simone Garatti



The two-stage (TS) approach
N

ldea: perform intensive simulation trials
from which reconstruct an explicit expression for the estimator

0" | {y ()u(d),....y (V) u(N)}
0 | {y*(1),u*(1),...,y*(N),u*(N)} Simulated
data chart

7 | (1) (N, (V)]




The two-stage (TS) approach
N

ldea: perform intensive simulation trials
from which reconstruct an explicit expression for the estimator

T (), w0,y (V) (V)
0 | {y*(1),u*(1),...,y*(N),u*(N)} Simulated
: data chart

P 0 ), O (V)

Goal: reconstruct from the chart the relationship between data
and parameter:

f% minii

fer m

1=



The two-stage (TS) approach
N

ldea: perform intensive simulation trials
from which reconstruct an explicit expression for the estimator

T (), w0,y (V) (V)
0 | {y*(1),u*(1),...,y*(N),u*(N)} Simulated
: data chart

P 0 ), O (V)

Reconstruct from the chart the relationship between data and ¢ :

f% minii

fer m

2

B~ fy (1), (1), ..,y (), (V)|

1=

Choice of the class of functions F Is critical:
> (bias vs. variance issue — f : R*N - RY)



The two-stage (TS) approach
N

ldea: perform intensive simulation trials
from which reconstruct an explicit expression for the estimator

T (), w0,y (V) (V)
0 | {y*(1),u*(1),...,y*(N),u*(N)} Simulated
: : data chart

P 0 ), O (V)

1 m
<— min —
femnl),

1=1 O@ /1/

Choice of the class of functions F Is critical:
> (bias vs. variance issue — f : R*N - RY)



TS Step 1: data compression
I

simple idea:
|/O data sequence compactly described by an ARX model:
y'(t) = ay't—1)+--a;y (t—ny)+

ap, Ut =1)+ -+ ay, o, u'(t—ny),

n="mny+n, 2N

Ny+Ny,

Parameter found via least squares:

G() =y (t—1) -y (t—ny) u'(t=1)u'(t —n)]"




TS Step 1: data compression
I

simple idea: repeat compression for all the m simulation trials:

ot | {of,...,at} Compressed artificial
0 | {af,...,a%} data chart
- — — n < 2N , problem
0™ | {of", ..., an'} dimensionality reduced
Remark

{a!,...,a’} have no physical meaning
They play a purely instrumental role for reducing the size of the
complexity



TS Step 2: par. Est. from compressed data
N

simple idea: repeat this process for all the m simulation trials:

0‘1 {ai,...,a?l,b}
6 | {ai,.. . an}
o | {of", .., o'}

Compressed artificial
data chart

n < 2N , problem
dimensionality reduced

Reconstruct from the artificial chart the relationship
between compressed data {a!,...,a'} and 6"

1=1

0" — h(at,..

2
Lan)

Choice of ‘H is no more critical: h:R™ — RY



TS Step 2: choice of H
]

Linear regressions of {a},...,a.}

h =

)




The whole TS estimator
I e

least A~
Original __sauares _ Artificial h -
data data
\_ ,
]? OMPOSITIo
£ {u(),y(1),...,u(N),y(N)} =8 y(t —1)

N N _ y(t — ny)
f=h ([Z o)) w(t)y(t)) o) u(t —1)

ult - nu) |




TS estimator training
I

= Extract many values for @ in the feasible range

= [Foreach @, generate I/O data sequence via simulation

= Construct simulated data chart

= Fit a simple model to each data sequence

= Construct compressed artificial data chart

=  Solve opt problem: compressed artificial data sequence—=> ¢

=  Work out the overall mapping:
original data sequence = {
as a composition of mappings of the two steps



TS estimator at work
I e

least

Original  S9U2'®S  Artificial h
data data

- 4
Y

S

f

Vv
)

=  Estimation:

once a new I/O data sequence is provided,
the corresponding @
Is immediately found from the composition of the two steps



Test-bed problem — (cont’d)
I

p(t+1) = %xl(t) () + o1 (8)
To(t+1) = (1—60%)sin(500%) - z1(t) — 0 - xo(t) + I —502 - u(t) + v12(t)
y(t) = m2(t) +va(?)

u(t) ~ WGN(0,1)
@ = uncertain parameter in [-0.9,0.9]

L uw(l),u(2),...,u(N) ~
Objective: {y(l),y(2),...,y(N)} — 6



Test-bed problem — training TS estimator
I

= 1500 new values for 9 extracted uniformly from
the interval [—0.9, 0.9]

= For each 6, 1000 input/output samples obtained
via simulation

~

Simulated
data chart

= Compressed artificial data via ARX(5,5) ~7————— Models order

—_

= 7, obtained via neural network

(10 inputs, 1 outputs, 10 neurons in the 1st layer, 1 linear
neuron in the output layer)

obtained by trials

(training phase is
entirely off-line)



Test-bed problem — validating TS estimator
N

Validation of the obtained estimator over the same
200 sequences used for PEM, EKF, UKF, and PKF.

Note that the testing sequences are
different
from those used in the training phase (cross-validation)



Test-bed problem — TS
N

08
06 .
..3 04
£
'§ 02 .
g of g4 _ Computational time:
£
8 021
2 1.95 seconds
F 4 o 1 1(0.0097 seconds per
od B 1 |estimate)
0,8 ’
Matlab, standard 2.40 GHz

08 06 04 02 0 02 04 06 08 dual-processor computer.
True parameter



5) Conclusion
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System id and control 1960 —>2012
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The Parameter Estimation Problem

1. H. WESTCOTT

the variables. The mhod can. be extended to deal with data

soaubich coce the sume

In Section 3 we introduce the models for which a fafrly
mmpiqe theory is available: dynamic systems with a finite

from the use of
of self-excitation
of such systems 54

‘e’

with theoretical questions.
Despite the appearance and effective resclution of many new
pmblem.s, our \mﬂmlmag of fnm‘].lmmtl] aspects.of control

variables which is of
of causal relations}
this problem does rf
and the action of or)
in isolation from 1Y

has ial. Theonly basicad far appears

10 bie the theary of information created by Shannon', The chisl

significance of his work m our Dmtm in:wauuuu is un
Ias

stale space a.ud linear transition functions (ie.
systems obeying linear or

'ﬂn; cless of random processes considered consists of such

dynamic systems excited by an morremeﬁ gaweun rmdnm

process.  Other i such as

tion, single input/single cutput, ete., are made only 1o facilitate

the presentation and will be absent in detailed future accounts

of the theory,

In Section 4 we define the concept of comtrollability and show
that this is the *natural’ gcn:rllnznlmn aof the so-called *dead-
beat* control scheme and S s
and later rederived independently by Tsrni:m"lmllhﬂﬂlnhnr”-

We then show in Section § that the general problem of optimal

Introduction
The E
forme ihe furdaed On the General Theory of Control Systems
ict, to known
Lt R. E. KALMAN
are considered whel
expression for the Introduction
unu:s 3‘:":.}:: In no small messure, the great progrest in
y Vhdad control and lon systems during the past
ek at futy two decades has depended on advances and refinements in the
E" study of such systems. Conversely, the growth
The theory of | ¢ iechnology brought forth many new problems (such as those
of interacting qul  .yed to wing digital computers in control, elc.) to chalienge
distinctive feature |y jnoenuity and competence of research workers concerned

lation is solvable if and only if the plant is complotely

must be satisfied wi
consonant with the

mathematics, For reasons pointed out above, in its methodo-
logy the pure theory of communication and control closely
rather than physics: however, it is not

to draf

without also accon]
aceurscy in the ligh
Parameter Estimat)
It s necessary Y
approaches to the
approach, which is
is assumed to exis
which the relations]
disturbance, The g

a branch of mathematics becauss at present we cannot (yet?)
disregard questions of physical realizability in the study of
mathematical models,

This paper initiates study of the pure theory of control,
imitating the spirit of Shannon's investigations but otherwise
using entirely different techniques. Our ultimate objective is
1o answer questions of the following type: What kind and how
much information is needed to achicve a desired type of control ?
What intrinsic properties characterize a given unaltcrable plant
as fur as contral is concerned?

At present only superficiel answers are available to these
and even then only in specinl cases.

im which
and output given a

The procedure i
fitting of data* and
of equations to 4 =
of products of paif

Initial results presented in this Note are far from the degree
of genemality of Shannon’s work. By contrast, however, only
constrictive methods are employed here, giving some hope of
being able to svoid the well-known difficulty of Shannon's
theory: methods of prool which are impractical for actually
constructing practical solutions. In fact, this paper arose
rmm the nmd for & beiter understanding of some recently

ion methods of trol-system  syn-
thesis? 5. Another by-product of the paper is & new com-
putation method for the solution of the classical Wiener
filtering problem?.

The organization of the paper is as follows:

i i he concept of v and
always the casc an]  cription and analysis of these models. These resulis could be In Section 6 we L i
automatically cont]  compared with the * ]lw! afphm wml the cnmll i ?ﬂwﬁm Reoblem af recomstructing lmmmn:nbh_m:!n vaziablcs
it may be technicy lhulr.hr. Taws" g ; from the ones in the possibie length lol
TIeRSUTE i but only by a purely abstract tun&e P Yo the smilarities bet and

sy 4 weedl

i u';m‘ et mm']' g&duj b m““'? At e ey [ng We may observability in Section 7 by means of the Principle of Duality
to doing, the mput thus classify Shannon's result as belonging to the pwu Muw:r :ﬁ?ﬂ‘wémlggo‘:;m meﬂ’:“bm i the natural dual
itisp f:[lﬂjnd i .mmf‘nd control, while everything else wd]- bl el regtl S pesitle
logical operations as fed theory; this terminology reflects the
pregbim theory known distinctions between pare: and. appliied pliaics or currently unsolved problems of the pure theary of control.

Notation and Terminology

The reader is assumed to be familiar with elements of linear
algebra, 4t discussed, for instance, by Halmos®.

Congider an s-dimensional real vector space X. A basiz in

Xis a set of vectorsay . . ., 8, in X such that any vector xin X
can be written uniquely as
FEE U TE S m

the x; being teal numbers, the components of coordinares of x,
Vectors will be denoted throughout by small bold-face lettars.

The set X* of all real-valued linear functions x* (= conee-
tors) on X, with the *natural’ definition of addition and scaler
multiplication, is an p-dimensionsl vector space.  The value of
a covector y* at any vector x is denoted by [y*, ], 'We call
this the inmer product af 3* by x. The vector space X'* has a
natural basis m*; .., ,#*, associated with & given basis in X;
It is defined by the requirement that

% 8] = 8 @

‘Using the “orthogonality relation’ 2, we may write 1 in the
farm

x= E [, X1 &

which will be used frequently.
For purposes of numerical computation, a vector may bo
considered a mairix with one column and & covector & matrx
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Development of id methods: IFAC SYSID’s story
T

IFAC Symposium on System Identification (SYSID)

The long story of system identification congresses:

O

O O o o o ad

Prague, The Check Republic 0 Copenhagen, Denmark (1994)
(1970) 0 Fukuoka, Japan (1997)
I-=q997u3e/Delf'r, The Netherlands - gyniq Barbara, USA (2000)

( ) 0 Rotterdam, The Netherlands

Tblisi, URSS (1976) (2003)
Darmstadt, Germany (1979) Newcastle, Australia (2006)

Arlington, USA (1982) St. Malo, France (2009)

York, UK (1985) Brussels, Belgium (2012)
Beijing, China (1988) Beijing, China (2015)
Budapest, Hungary (1991)

O o o ad

yet most interesting problems are open
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