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Part I : A successful story (1980 - present)

The Origins of a Concept
Zero Dynamics and High-Gain Feedback
Zero Dynamics and Feedback Linearization
Zero Dynamics and Stable Non-interacting Control
Zero Dynamics and Output Regulation
Zero Dynamics and Passivity
Zero Dynamics and Limits of Performance



The Origins of a Concept (1980-84)

All begun in 1979, when the notion of controlled invariant subspace, 
(a subspace rendered invariant by feedback) introduced in the late 
1960’s by Basile-Marro-Wonham-Morse, was extended to nonlinear 
systems.  
In linear systems, zeros are the eigenvalues of the unobservable 
part of a system rendered maximally unobservable by feedback.



The Origins of a Concept (1980-84)

CDC 1980

no emphasis on the dynamics of the unobservable part



The Origins of a Concept (1980-84)

Associated with the construction of Δ*, there is a special choice of
(local) coordinates in which the maximally unobservable part is 
highlighted.   

System is rendered maximally observable by a control            

with α(x) and  β(x)  satisfying                



The Origins of a Concept (1980-84)



The Origins of a Concept (1980-84)

A relative degree 1 system, in local coordinates



A similar concept in viability theory: the viability kernel

The Origins of a Concept (1984-86)



Despite various attempts to reintroduce the same concept 
under different names

The Origins of a Concept (1980-84)

the terminology “Zero Dynamics” became standard
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Zero Dynamics and High Gain Feedback (1984)

The result was incomplete as stated. In fact, for the Theorem to 
be true, the zero dynamics needs to be locally exponentially 
stable. Otherwise there might be nontrivial limit sets.
But it stresses the interest in the concept of “stabilization with 
guaranteed region of attraction”.            



Zero Dynamics and High Gain Feedback (1984)

The problem of stabilization with guaranteed region of attraction was  
addressed, for a special class of systems, in

Bacciotti, in a later paper (NOLCOS 1992) provided what is 
commonly acknowledged to be the most elegant argument proving 
that, for systems possessing a globally stable zero dynamics, high 
gain output feedback yields semiglobal practical stability.



Bacciotti’s argument :

Zero Dynamics and High Gain Feedback (1984)



Zero Dynamics and High-Gain Feedback (1984)

A similar result (i.e. under high-gain output feedback, the output 
approaches zero, while the other states approach trajectories of the 
dynamics of  f(x)+g(x)α(x) restricted to Δ*) appeared, simultaneously 
and independently, in

The analysis is only local, though, and the possible occurrence 
of nontrivial limit sets (due to lack of hyperbolicity) is not 
addressed. 



Zero Dynamics and Semiglobal Stabilization (1990-94)

In the subsequent five years, precise results on this subject 
became gradually available.

An important preliminary step was the development of a global 
normal form, as done in



Zero Dynamics and Semiglobal Stabilization (1990-94)

In 1990, it was finally proven that globally minimum-phase systems 
in strict normal form can be semiglobally stabilized by high-gain 
partial state feedback,  u = kHξ.
Strict triangularity
made possible to 
use a simple 
recursive 
argument 

“adding an integrator”



Zero Dynamics and Semiglobal Stabilization (1990-94)

In 1990, it was finally proven that globally minimum-phase systems 
in strict normal form can be semiglobally stabilized by high-gain 
partial state feedback,  u = kHξ.

Semiglobal stabilization via high-gain output feedback, u=k(e), with 
k(.) possibly nonlinear, was understood only at a later time, as a 
byproduct of the nonlinear version of the small gain theorem for 
input-to-state stable systems.

Strict triangularity
made possible to 
use a simple 
recursive 
argument 



Zero Dynamics and Semiglobal Stabilization (1990-94)

Semiglobal stabilization via high-gain output feedback, u=k(e), with 
k(.) possibly nonlinear, was understood only at a later time, as a 
byproduct of the nonlinear version of the small gain theorem for 
input-to-state stable systems.

The Bible of 
semiglobal
stabilization



The absence of zero dynamics together with the possibility of 
achieving relative degree via dynamic feedback (Descusse-Moog) 
imply the existence of a feedback and coordinates change which 
transform the system into a fully linear and controllable one.

Zero Dynamics and Feedback Linearization (1986)



Zero Dynamics and Feedback Linearization (1988)

One example for all: feedback linearization of an aircraft dynamics



Zero Dynamics and Feedback Linearization (1988)

One example for all: feedback linearization of an aircraft dynamics



Zero D. and Stable Noninteracting Control (1987-91)

In this way, though, the system is made maximally unobservable 
and the “zero dynamics” become internal dynamics of the non-
interactive system.
A more refined analysis reveals that, no matter how non-interacting 
control via static state feedback is achieved, there is always a fixed 
internal dynamics (a sub-dynamics of the zero dynamics).

A trivial way to achieve non-interacting control via static state 
feedback is to set

with α(x) and  β(x)  satisfying                



Zero D. and Stable Noninteracting Control (1987-91)

In a linear system, the sub-dynamics in question can be suppressed 
if the feedback is dynamically extended in a suitable way.
Thus, any square invertible linear system can always be rendered
interactive with internal stability by dynamic feedback.
This is not the case, though, if the system is nonlinear.
In fact, there is an invariant manifold whose associated dynamics is 
independent of the (possibly dynamically extended) feedback used.
This is a sheer nonlinear phenomenon. 



Zero D. and Stable Noninteracting Control (1987-91)
The dynamics in question was identified in:

while the synthesis on the noninteractive control law was found in:



Zero Dynamics and Output Regulation (1990-2007)



Zero Dynamics and Output Regulation (1990-2007)



Zero Dynamics and Output Regulation (1990-2007)

If the zero dynamics are globally asymptotically stable, the 
problem of output regulation can always be solved, in a 
“semiglobal setting”



Zero Dynamics and Passivity (1991)



Zero Dynamics and Limits of Performance (1999)



Zero Dynamics and Limits of Performance (1999)
The cheap control problem

In a more recent paper, it was shown that the minimal “gain”
needed to stabilize the zero dynamics determines a lower 
bound on the frequency of a sinusoidal exogenous input  to be 
asymptotically rejected/tracked.

If the zero dynamics are stable, the ideal performance is zero. If 
they are unstable, the ideal performance is the minimal energy
needed to stabilize the zero dynamics. 



Part II : Challenges and Open Problems (2010 - ?)

Seeking a Coordinate-free and Global Approach
Output Redesign
Steady-State Performance and Regulation
Where are Multivariable Systems Gone ?



Seeking a Coordinate-free and Global Approach

Systems whose zero dynamics have an asymptotically 
stable equilibrium, under appropriate assumptions, can be 
stabilized with a guaranteed region of attraction using 
(possibly dynamic) output feedback. One of the problems of 
current interest is how to enhance the theory to the purpose 
of achieving global stability.

Instrumental, in this context, is the concept of strongly 
minimum phase system [Liberzon, et al.], introduced to the 
purpose of providing a formal, and coordinate-free, 
characterization of the class of systems in which the state  
is bounded by a function of the outputs and its first r-1
derivatives ( r being the relative degree), modulo a 
decaying term depending on the initial conditions. 



Seeking a Coordinate-free and Global Approach

If a system possesses a globally defined normal form, the 
property in question is simply the property that the inverse 
dynamics is input-to-state stable (with the respect to the 
output and its r-1 derivatives viewed as inputs).

We briefly summarize hereafter how this notion can be 
used to the purpose of achieving global stabilization, in a 
coordinate-free setting. For the sake of more generality, we 
address the problem of output stabilization, which contains 
problems of tracking and/or regulation as special cases .



Seeking a Coordinate-free and Global Approach



Seeking a Coordinate-free and Global Approach



Seeking a Coordinate-free and Global Approach



Output redesign

Systems possessing a stable zero dynamics can be 
(robustly) globally/semiglobally stabilized using output 
feedback. 

How can this appealing design paradigm be extended to 
system whose zero dynamics are unstable ?

A simple idea is to define a new dummy output, for which 
the zero dynamics would be stable, and use it to derive the 
feedback stabilizer.

Surprisingly, this naïve idea has applications.



Output redesign



Open questions (indeed, for the nonlinear version): 
How to extend this (elementary) construction to a higher relative 
degree case ? 
Can the construction be iterated ?
How to take advantage of extra controls and measurements ? 

Output redesign



Examples of non-minimum phase systems that can be handled 
by this method have been recently discussed, in particular, 
dealing with robust regulation. 

It can be shown that if the controlled plant has an arbitrary 
number of zeros at the origin while all remaining zeros have 
negative real part, the problem of output regulation can always 
be solved. 

On the other hand, if the controlled plant has a zero with 
positive real part, the problem can be solved only if the 
frequencies which characterize the harmonic components of the 
exogenous input exceed a minimal value determined by the 
gain needed to stabilize the inner-loop. This is yet another 
manifestation of why unstable zero dynamics pose limits to the 
achievable performances.

Output redesign



The procedure described above addresses the special case 
in which Lgh(x)=1. If this is not the case, appropriate 
modifications are needed. 

In this respect, a recently proposed technique for recovering 
the performance of a feedback linearized system by means of 
extended high-gain observers [Freidovich-Khalil] and its 
extension in the context of output redesign, provide a very 
appealing enhancement of this design paradigm.

Output redesign



Steady-State Performance and Regulation



Steady-State Performance and Regulation



Steady-State Performance and Regulation



Steady-State Performance and Regulation

Related design problems:

How to handle the problem of robust model following ?

Important advances in this regard are the recent works 
dealing with the internal-model approach to problems of 
consensus and coordination. This is a promising new 
frontier of research.

How to take advantage of control parameters in the 
exosystem ? An approach of this kind has been 
successfully used in the control of an under-actuated  
“insect-like” flying robot.



Where are Multivariable Systems gone ?

In the late 1960’s and early 1970’s, analysis of the internal 
structure of a MIMO system, of how this structure can be 
affected by feedback and output injection and the use of the 
results of these analysis to solve problems of stabilization, 
tracking, decoupling, fault isolation all developed hand-in-hand. 

Inexplicably, in the case of nonlinear systems, while most of the 
methods for the analysis of the internal structure have been 
conveniently extended (in the 1980’s and early 1990’s), from the 
mid 1990s, the study of problems of feedback design for MIMO 
nonlinear systems has come to a (almost complete) stall.

Why was this the case ? 
Was the study of these problems irrelevant? 
Or was it too difficult ?



Attention seemed to be focused only on SISO systems or, at 
best, on square MIMO systems having identical relative 
degrees for each output. The option of achieving relative 
degree by dynamic feedback was soon forgotten.

Apparently, the option of exploiting extra controls or extra 
measurements to achieve stability, or to solve tracking 
problems, has never been systematically investigated.  

Zero dynamics has been developed as an extension of V*, not 
of V*/R* and hence not immediately suitable for dealing with 
systems having more controls than outputs.

Zero structure at infinity affects the solvability of problems of 
model following. While the nonlinear equivalent of this notion 
was thoroughly studied, no design technique for feedback 
design followed.

Where are Multivariable Systems gone ?



Where are Multivariable Systems gone ?



Where are Multivariable Systems gone ?



Where are Multivariable Systems gone ?



The theory of feedback design for MIMO nonlinear 
systems deserves much more ….

In summary, there are plenty of intellectually challenging 
and practically relevant problems out there waiting for a 
response.

Recalling that nothing is more practical than a good theory, 
don’t let the funding agencies prescribe you what to 
investigate. Go ahead and take the challenge !

Thank you for your attention  !

Conclusions


